We show that if certain topologically irreducible representations of a dense m-convex Fréchet subalgebra A of a C ⋆ -algebra B are contained in ⋆-representations of B on a Hilbert space, then the spectrum of every element of A is the same in either A or B. When B is the C ⋆ -algebra associated with a dynamical system consisting of Z 2 acting on R 2 by linear translations, we show that such representations extend if and only if B is CCR.
Example 2.2. B = K(l 2 (N)), the compact operators on a separable Hilbert space, and A = K ∞ = {[a nm ] | [a] p,q = n,m |a nm |n p m q < ∞, p, q ∈ N}.
Here the algebra structure is matrix multiplication, and A is dense because it contains all rank one operators ξ ⊗ η, ξ, η ∈ S(N), where S(N) = {φ : N → C | φ p = n |φ(n)|n p < ∞, p ∈ N} denotes the set of Schwartz functions on N.
In both examples, A is actually a ⋆-subalgebra of B, though this will not be assumed in general. It is natural to ask what properties A has in common with B. We look at the representation theory of A, and begin by asking the general question:
Question A. When is every representation of A contained in a ⋆-representation B on a Hilbert space?
First note that the answer to this question is not always "yes". Assume a ∈Ã, a −1 ∈B, a −1 / ∈Ã. Then a can neither be left or right invertible inÃ, sinceÃ ⊆B. SoÃa =< a > is a proper left ideal inÃ, and E =Ã/ < a > is an A-module. (Throughout this paper, "module" will be synonymous with To find examples with a positive answer to Question A, we would therefore look at cases when A ⊆ B is spectral invariant. Example 2.1 above is such an example since f ∈ C ∞ (M) is invertible (in either algebra) if and
Consider the case M = [0, 1], the unit interval. (To define C ∞ [0, 1], we require one-sided differentiability at the boundary points.) Make E = C 2 an 6 A-module with action
Assume for a contradiction that E extends to a continuous B-module. Since
But ϕ n → z in sup norm (the norm on B), and
This contradicts the continuity of the extension. In particular, there is no extension to a ⋆-representation of B on a Hilbert space, so the answer to Question A is still "no" in this very simple case, where A is spectral invariant in B. (It is interesting to note that the kernel of this representation of A is in fact a closed ⋆-ideal in A.)
The problem in making a continuous extension appears to be that by allowing E to have nontrivial invariant subspaces (i.e. Definition 2.3. In this paper, by an irreducible A-module we mean a topologically irreducible, continuous Fréchet A-module. We say that A is an m-convex Fréchet algebra if the algebra A is a Fréchet space such that ab n ≤ C n a n b n for some choice of seminorms { n } ∞ n=0 for A, and constants C n > 0 [Mi, 1952] . The inclusion A ֒→ B is always assumed con-
tinuous. An A-module E is a Fréchet A-module if E is a Fréchet space such that the action A × E → E is jointly continuous. Topologically irreducible means that E has no closed A-invariant subspaces besides {0} and E. The containment E ֒→ H of E into the ⋆-representation of B on a Hilbert space 1 Another route is to use the ⋆-operation on A, and require E to be a Hilbert space with a ⋆-represention of A. It follows from the spectral invariance of A in B that B must be the enveloping C ⋆ -algebra of A (the strongest C ⋆ -completion of A). In the case that the representation of A is required to be by bounded operators, then all such representations would extend to B (on the same Hilbert space), and the problem becomes trivial.
H is required to be continuous.
In all the examples in this paper, A will be an m-convex Fréchet algebra.
Question B does have a positive answer in the case , 1989] . The argument is briefly as follows. Let E be an irreducible A-module. Arguing as for irreducible representations of C(M), show that there exists p ∈ M such that the representation factors through the quotient
This quotient happens to be isomorphic to the Fréchet algebra of power series in n variables
where n is the dimension of the manifold [Tr, 1967] , Theorem 38.1. (The identification is given by the Taylor series expansion of f ∈ A at the point p,
in the indeterminates x 1 , . . . , x n .) But C[x 1 , . . . , x n ] has the unique maximal ideal < x 1 , . . . , x n >, so by irreducibility the representation factors through the quotient of C[x 1 , . . . , x n ] by < x 1 , . . . , x n >, which is just C. Hence E is just C with action f z = f (p)z for some p ∈ M, which clearly extends to a
For Example 2.2, the answer to Question B (as well as Question A) is still
This is easily seen to be topologically irreducible and continuous. However, E is "too big" to be contained in a Hilbert space representation of K. Assume
H ⊇ E for a contradiction. Using the matrix units in K, note that n, m →< ǫ n , ǫ m > H must be cδ nm for some constant c > 0, where ǫ n is the step function at n ∈ N. Note that 1 = ǫ m converges absolutely in E, and so in H. Hence < 1, 1 >=< ǫ n , ǫ m >= c = ∞, a contradiction. We "tighten up" the allowable E's by replacing Question B with:
Question C. Is every algebraically cyclic subrepresentation F of every
Hilbert space? Here algebraically cyclic subrepresentation means that there is some e ∈ E such that F = Ae ⊆ E, and e ∈ F . We give F the quotient topology from A.
Note that F itself is not required to be irreducible. However, the requirement that F be contained in the irreducible representation E is sufficient to give a "yes" answer to Question C in both Examples 2.1 and 2. 2 [duC1, 1989] . We will outline the proof for K ∞ in the proof of Theorem 5.3 below. Then E =Ã/N is a topologically irreducible A-module with no extension to a B-module. In fact, E is algebraically irreducible, and so an algebraically cyclic submodule of itself. When A is an m-convex Fréchet algebra which is not spectral invariant in B, the group of invertibles may not be open, but the result is still true:
Theorem 3.1. Let A be a dense m-convex Fréchet subalgebra of a Banach algebra B. Assume that for every topologically irreducible Banach A-module E, we know that every algebraically cyclic submodule of E is contained in a B-module. Then A is spectral invariant in B.
Proof: First redefine the norms { n } ∞ n=0 onÃ so that they are increasing, and arrange that 0 is the norm on B. Let A n be the completion ofÃ in the nth norm n , and let A 0 =B, A ∞ =Ã. By the sub-multiplicativity of n , each A n is a Banach algebra. If n, m ∈ N ∪ {∞} and m ≥ n, let π nm : A m → A n be the canonical map induced from the identity map fromÃ
If a n ∈ A n is a sequence such that π nm (a m ) = a n for each m, n ∈ N, we show that there is an a ∈ A ∞ such that π n∞ (a) = a n . (This is also done in [Mi, 1952] , Theorem 5.1.) Since π n∞ (A ∞ ) is dense in A n , we may choose
is Cauchy in each norm, and so Cauchy in A ∞ . Hence a (n) → a in A ∞ for some a ∈ A ∞ .
Clearly π n∞ (a) = a n , and it follows that
Since A is not spectral invariant in B, there is some a ∈ A ∞ such that
We show that a is not invertible in some A n for some n ∈ N.
(This argument is taken from [Mi, 1952] , Theorem 5.2, (c).) Assume a is invertible in each A n , and let a n be the inverse of a in A n . Then for m ≥ n, π nm (a m )a = π nm (a m a) = π nm (1) = 1, and similarly aπ nm (a m ) = 1, so by the uniqueness of two sided inverses in A ∞ , a n = π nm (a m ). By the previous paragraph, it follows that there is a b ∈ A ∞ for which π n∞ (b) = a n . Then b
is an inverse for a. But a −1 / ∈ A ∞ , so we conclude that a is not invertible in some A n .
We assume that a is not left invertible in A n . (If a is not right invertible, the same construction works with right modules in place of left modules.)
Let N be a maximal left ideal in A n containing a. Since any unital Banach algebra has an open group of invertible elements, N is closed since it is maximal. We thus have a continuous algebraically irreducible Banach A nmodule E = A n /N. Since A ∞ is dense in A n with stronger topology, E is an irreducible A ∞ -module. Thus E is an irreducible Banach A-module.
If ξ is the coset of the identity in E, then F = Aξ gives an algebraically cyclic subrepresentation of A. We must check that ξ actually lies in F . If
A is unital, this is obvious. Otherwise, we have a = λ + a ′ for some a ′ ∈ A,
To see that F has no extension to a representation of B, note that aξ = 0 but a is invertible inB. 4 The smooth irrational rotation algebra, and other "no" answers
Our notation for the C ⋆ -algebra associated to a dynamical system G, M will be C ⋆ (G, M), and S(G, M) will denote a smooth subalgebra of Schwartz functions on G × M. 
We construct a topologically irreducible Banach space representation of A ∞ θ , which has an algebraically cyclic subrepresentation not contained in any
Then E is a Banach A ∞ θ -module. We show that E is topologically irreducible. Both C ∞ (T) ⊆ A and L ∞ (T) act continuously on E by pointwise multiplication, and by the density of
in the strong operator topology on E, it suffices to show that Z, L ∞ (T) has no non-trivial closed invariant subspaces, or that every nonzero η ∈ E is cyclic. Let S be the Borel set {z ∈ T | |η(z)| > ǫ}, where ǫ > 0 is sufficiently small that S has nonzero measure. Then the characteristic function χ S is in L ∞ (T)η.
It is well known that the action of Z on T by an irrational rotation is ergodic; therefore µ(S ∞ )µ(T − S ∞ ) = 0 since S ∞ is Z-invariant.
But µ(S ∞ ) ≥ µ(S) > 0, so µ(T − S ∞ ) = 0. Hence χ S∞ = 1 ∈ Aη E , and so
Let ξ be any nonnegative element of E which is infinitely differentiable except at some point p ∈ T, and which grows like |z−p| −1/2 in a neighborhood
. Let F be the algebraically cyclic submodule
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We show that 1 ∈ F . Let f ∈ C ∞ (T) be any function for which f ξ is not identically zero, and is always nonnegative and differentiable on T (such functions exist since ξ is differentiable and nonzero on some interval). By the compactness of T, the sum of finitely many translates (by multiples of θ) of f ξ will be nonvanishing on T. Let ψ be this sum. Then ψ ∈ F and
Assume for a contradiction that there is a *-representation of A θ on a
Hilbert space H containing F . Define a Z-invariant positive linear functional on C(T) by x * (f ) =< f 1, 1 >, where < , > is the inner product on H.
Then since the translates f zn → f z 0 in C(T) if z n → z 0 , and Z-orbits are dense in T, we see that x * (f z ) = x * (f ) for z ∈ T. By the Riesz Representation Theorem, [Ru, 1966] , Theorem 2.14,
for some translation invariant positive Borel measure µ on T. By uniqueness of Haar measure, µ must be Lebesgue measure on the circle (times a constant).
Let f n ∈ C ∞ (T) be functions 0 ≤ f n ≤ 1 satisfying
Then since f n ∈ C ∞ (T) and ξ grows like |z − p| −1/2 near p, we know that
(T).) Since the representation of
A θ on H is continuous, and {f n } is a bounded set of elements of A θ , we must have < f n ξ, f n ξ > bounded, which is a contradiction. Thus there can be no *-representation of A θ on a Hilbert space which extends the representation of A ∞ θ on F .
Since A ∞ θ is spectral invariant in A θ , this shows that the converse of Theorem 3.1 is not true. Note that since spectral invariance is equivalent to the existence of extensions for simple modules, F cannot be algebraically irreducible.
Example 4.2. We give a few examples of what happens with a dense subalgebra of a GCR (or Type I) C*-algebra which is not CCR. Let M be the one point compactification of the integers, and let Z act on M by
The C*-crossed product B = C ⋆ (Z, M) is not CCR since the orbit Z is not closed in M [Wi, 1981] . However, it is GCR since M/Z is T 0 [Go, 1973] . Let
(with isometric and hence tempered action of Z by translation), so we may view E as a Banach A-module.
We show that E is a topologically irreducible A-module. Let η be any nonzero element of E. Then by multiplying by some appropriate element of C(M) ⊆ A, we may assume that η = δ n for some n ∈ Z, where
Letting Z act on η shows that every finitely supported element of E is in Aη.
Since C c (Z) is dense in E, this shows that E is topologically irreducible.
Let ξ ∈ E be such that ξ / ∈ l 2 (Z). (For example, take a weighted sum of step functions, where the weight of the nth step function is 1/|n| 1/2 .) Let F = Aξ be the corresponding algebraically cyclic subrepresentation. (Since 1 ∈ A, we have ξ ∈ F .) Note that F contains every element of C c (Z).
Assume that F is contained in a *-representation π of B on a Hilbert space H. Since the representation of Z on H is unitary, we have
where < , > is the inner product on H. Also, since the representation of
It follows that
for some c > 0, so the inner product on H, on elements of C c (Z), is precisely the inner product on l 2 (Z).
Let ϕ n ∈ C(M) be equal to 1 in the interval [−n, n], and equal to zero outside of [−n, n]. Then δ 0 ⊗ ϕ n is a bounded sequence in B, so
we know < ϕ n ξ, ϕ n ξ >= 
Differentiable Representations
Definition 5.1. We say that a Fréchet A-module E is non-degenerate (differentiable) if {v ∈ E | Av = 0} = {0} and the image of the canonical map A ⊗E → E; a ⊗ e → ae is dense (onto) [duC2, 1991] . (All tensor products will be completed in the projective topology.) We make the same definition for right modules, and say that A is self-differentiable if A is differentiable both as a left and right module over itself.
Note that if A is unital, every A-module is differentiable. In the case
, the convolution algebra of compactly supported C ∞ -functions on a Lie group G, an A-module E is differentiable if and only if the underlying 20 action of G on E is C ∞ [DM, 1978] .
One advantage to using differentiable representations is that that Morita equivalences work out. For example, let D be a subgroup of Z 2 . Then the smooth crossed product A 1 = S(Z 2 , Z 2 /D) (with action by translation) and
. From this one obtains a natural (Morita) equivalence of the category of differentiable A 1 -modules to the category of differentiable A 2 -modules, which preserves topological irreducibility. For the corresponding
is an B 1 -B 2 equivalence bimodule [Ri, 1974] , giving an equivalence of the category of ⋆-representations of B 1 with the category of ⋆-representations of B 2 , which preserves irreducibility. It is not hard to check that the two equivalences preserve extensions. If E → H is a morphism of a differentiable
that if E is topologically irreducible, then so is X ⊗ A 2 E, and both morphisms into the Hilbert spaces must be injective.
If E is a non-degenerate A-module, we let E s (A) be the image of the duC2, 1991] . Then E s (A) inherits the quotient topology from A ⊗E, making E s (A) a Fréchet A-module. When A is selfdifferentiable, the A-module E s (A) is always differentiable. (Use the fact that the canonical maps A ⊗E → E and A ⊗A → A are both onto, so that A ⊗(A ⊗E) → E is onto, and then factor through to the quotient.)
Lemma 5.2. Let A be a self-differentiable m-convex Fréchet algebra. Then every algebraically cyclic submodule of an irreducible A-module is contained in a differentiable irreducible A-module.
Proof: Let E be an irreducible A-module. Let F be any nonzero A-invariant closed subspace of E s (A). Since the closure of F in E is E by irreducibility, the canonical map A ⊗ F → E s (A) must have dense image. But the image is contained in F , so F = E s (A). Thus E s (A) is irreducible. Every algebraically cyclic submodule of E is the image of a set of the form A ⊗ {ξ} via the canonical map, and hence contained in E s (A).
Thus a positive answer to the following question will imply a positive answer to Question C (and therefore also imply spectral invariance):
Question D. Is every differentiable irreducible representation E of A contained in a ⋆-representation of B on a Hilbert space H? (ii) Every algebraically cyclic subrepresentation of every topologically irreducible A-module is contained in a ⋆-representation of B on a Hilbert space.
(iii) v 1 is not an irrational multiple of v 2 .
(iv) All the Z 2 -orbits are closed.
(v) B is CCR.
Remark: Theorem 5.3 does not include any cases when B is GCR but not CCR, but Example 4.2 above (Z acting on its one-point compactification)
shows that representations may not extend in such cases.
Proof: (iii)⇒(i) First assume that v 1 and v 2 do not lie on the same line.
Then every orbit is a translate of a (possibly slanted) copy of Z 2 , and a discrete subgroup of R 2 . Let Ω ⊂ R 2 be open and Z 2 -invariant. Define
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By the formula for convolution multiplication:
we see that J Ω is always a two-sided ideal in A (though rarely closed). Also by this formula, note that if
Consider the parallelogram P in R 2 spanned by v 1 and v 2 . Then distinct points in the interior P 0 give rise to disjoint Z 2 -orbits, and any two distinct
dense in E, or 0, by topological irreducibility. Thus if J Ω 1 J Ω 2 E = 0, then (ii) ⇒ (iii) Assume that v 1 = γv 2 , γ irrational. Without loss of generality,
we may replace A with the quotient algebra S(Z 2 , R), where the first copy of Z translates by 1, and the second by γ. Let E = L 1 (R, dµ), with µ Lebesgue measure. Let Z 2 act on E by ( nξ)(r) = ξ(r − n 1 − n 2 γ) and let S(R)
act on E by pointwise multiplication. This gives a covariant (tempered)
representation, which integrates to a representation of A on E. Standard arguments show that E is a topologically irreducible A-module. Since Φ is a translation invariant positive linear functional on C c (R), by the Riesz Representation Theorem [Ru, 1966] , Theorem 2.14, there is some Rinvariant positive Borel measure ν on R such that Φ(η) = R η(x)dν(x). By translation invariance, ν must be (a scalar multiple of) Lebesgue measure.
Thus on functions η 1 , η 2 ∈ C ∞ c (R) ⊆ F , the inner product on H is just given by the L 2 (R, dµ) inner product of η 1 and η 2 . Since C ∞ c (R) is dense in F and hence dense in H, we must have H ∼ = L 2 (R).
Finally, let χ n ∈ C ∞ c (R) satisfy χ n (r) = 1 for r ∈ [−1, −ǫ] ∪ [ǫ, 1], χ n (r) = 28
